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1 A B C

x(3x — 1)? r Gx -1 " (Bx —1)°

3. f(X) =
(a) Find the values of the constants 4, B and C
“
(b) (i) Hence find [f(x) dx

2
(1) Find _[1 f(x) dx, giving your answer in the form a + Inb, where a and b are

constants.

(6)

6.1



6.2



Sample 2018

=V

Figure 2

1

-

Figure 2 shows a sketch of part of the curve with equation y=4x— xe? ,x >0
The curve meets the x-axis at the origin O and cuts the x-axis at the point 4.

(a) Find, in terms of In2, the x coordinate of the point A.

2

L
(b) Find [xe? dx
3

The finite region R, shown shaded in Figure 2, is bounded by the x-axis and the curve with
1

equation y=4x—xe? ,x >0
(c) Find, by integration, the exact value for the area of R.

Give your answer in terms of In2

(&)
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Sample 2018

8. Water is being heated in a kettle. At time ¢ seconds, the temperature of the water is 0 °C.

The rate of increase of the temperature of the water at time ¢ is modelled by the differential
equation

do
5~ A120-6) 6 < 100

where 4 is a positive constant.
Given that =20 when =0
(a) solve this differential equation to show that

=120 — 100e*
®

When the temperature of the water reaches 100 °C, the kettle switches off.

(b) Given that A=0.01, find the time, to the nearest second, when the kettle switches off.
3)
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October 2020

3.
VA
y= eO.Sx _2
0 x
R
Figure 1

Figure 1 shows a sketch of part of the curve with equation y =e"™ -2
The region R, shown shaded in Figure 1, is bounded by the curve, the x-axis and the y-axis.
The region R is rotated 360° about the x-axis to form a solid of revolution.

Show that the volume of this solid can be written in the form aln 2 + b, where a and b are
constants to be found.

)
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Figure 3

(a) Find jm—;dx
X (©))

Figure 3 shows a sketch of part of the curve with equation

_3+2x+Inx

2
X

x>0.5

The finite region R, shown shaded in Figure 3, is bounded by the curve, the line with
equation x = 2, the x-axis and the line with equation x = 4

(b) Use the answer to part (a) to find the exact area of R, writing your answer in simplest
form.

(C))
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October 2020

7.

(1) Using a suitable substitution, find, using calculus, the value of

J. > 3x
dx
1 \/2x - l
(Solutions relying entirely on calculator technology are not acceptable.)
(i) Find

6x> — 16
(x + )(2x - 3)

©)

(6)
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October 2020
9. Bacteria are growing on the surface of a dish in a laboratory.

The area of the dish, 4 cm®, covered by the bacteria, ¢ days after the bacteria start to grow,
is modelled by the differential equation

Given that 4 = 2.25 when¢t=3

(a) show that

where p, ¢ and r are integers to be found.

)

According to the model, there is a limit to the area that will be covered by the bacteria.
(b) Find the value of this limit.

@)
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January 2021

S. In this question you should show all stages of your working.

Solutions relying on calculator technology are not acceptable.

Using the substitution # = 3 + +/2x —1 find the exact value of

13
| e
1 3+42x -1

giving your answer in the form p + ¢In2, where p and ¢ are integers to be found.

®
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January 2021

YA

=V

Figure 2

(a) Find Je“ sin x dx
)
Figure 2 shows a sketch of part of the curve with equation
y = e*sinx x>0

The finite region R is bounded by the curve and the x-axis and is shown shaded in Figure 2.

S |

(b) Show that the exact area of R is

(Solutions relying on calculator technology are not acceptable.)

(0))
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January 2021
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Figure 3

=

Figure 3 shows a sketch of part of the curve with parametric equations
x = tan@ y = 2sin26 0>0

The finite region, shown shaded in Figure 3, is bounded by the curve, the x-axis and the
line with equation x = B

The region is rotated through 2z radians about the x-axis to form a solid of revolution.

(a) Show that the exact volume of this solid of revolution is given by

fokp(l —cos26)do
where p and k are constants to be found.

)

(b) Hence find, by algebraic integration, the exact volume of this solid of revolution.

©))
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January 2021

10. (a) Write ! in partial fraction form.
(H —5)(H +3) 3)

The depth of water in a storage tank is being monitored.

The depth of water in the tank, H metres, is modelled by the differential equation

dH _ (H - 5)(H +3)

dt 40

where 7 is the time, in days, from when monitoring began.
Given that the initial depth of water in the tank was 13 m,
(b) solve the differential equation to show that

10+ 3¢

H
2 _ efo.2t (7)
(c) Hence find the time taken for the depth of water in the tank to fall to 8 m.

(Solutions relying entirely on calculator technology are not acceptable.)

&)
According to the model, the depth of water in the tank will eventually fall to & metres.

(d) State the value of the constant k.
@)
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June 2021

2.
VA Diagram NOT
drawn to scale
9 ______
R

I\

' >

0 6 X

Figure 1

Figure 1 shows a sketch of part of the curve with equation

__ 9 3
YT x -3y N2

The finite region R, shown shaded in Figure 1, is bounded by the curve, the line with
equation y =9 and the line with equation x =6

This region is rotated through 2z radians about the x-axis to form a solid of revolution.

Find, by algebraic integration, the exact volume of the solid generated.

)
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June 2021

4. Use algebraic integration and the substitution u = Jx to find the exact value of
N 10
——dx
J. | 5x + 2x/x
Write your answer in the form 4ln(%), where a and b are integers to be found.

(Solutions relying entirely on calculator technology are not acceptable.)

®
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June 2021

VA

Figure 3

Figure 3 shows a sketch of the curve C with parametric equations

T
x=2cos2t y =4sint Oétég

The region R, shown shaded in Figure 3, is bounded by the curve, the x-axis and the y-axis.

(a) (1) Show, making your working clear, that the area of R = J4 32sin*zcost dt
0

(i) Hence find, by algebraic integration, the exact value of the area of R.

(6)
(b) Show that all points on C satisfy y = vax+ b, where a and b are constants to
be found.
3
The curve C has equation y = f(x) where fis the function
f(x) = vax+b 2<x<2
and a and b are the constants found in part (b).
(c) State the range of f.
(0))
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June 2021

8. (a) Given that y=1 at x =0, solve the differential equation

1
dy 6xy3
dx er

<
WV
o

giving your answer in the form )* = g(x).

)

(b) Hence find the equation of the horizontal asymptote to the curve with
equation )* = g(x).
(09)
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October 2021

2. Find the particular solution of the differential equation

dy  4y? 5

- = < x>__
dx  4x+5 4

1 1
for which y = 3 at x = 2 giving your answer in the form y = f(x)

(6)
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October 2021

6. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

VA

=V

Y
(SR

Figure 2

Figure 2 shows a sketch of the curve with equation

~ 16sin2x
(3 + 4sinx)?

N

y 0<x<

T
2

The region R, shown shaded in Figure 2, is bounded by the curve, the x-axis and the line

T

with equation x = 3

Using the substitution u =3 + 4sinx, show that the area of R can be written in the form
a +Inb, where a and b are rational constants to be found.

)
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October 2021

8. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

YA
y=xlnx

Figure 3

(a) Find J‘x2 Inxdx
(&)
Figure 3 shows a sketch of part of the curve with equation

y=xlnx x>0

The region R, shown shaded in Figure 3, lies entirely above the x-axis and is bounded by
the curve, the x-axis and the line with equation x =e.

This region is rotated through 2z radians about the x-axis to form a solid of revolution.

(b) Find the exact volume of the solid formed, giving your answer in simplest form.

“@
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Figure 4

Figure 4 shows a cylindrical tank that contains some water.

The tank has an internal diameter of 8 m and an internal height of 4.2 m.
Water is flowing into the tank at a constant rate of (0.6z) m’ per minute.
There is a tap at point 7 at the bottom of the tank.

At time ¢ minutes after the tap has been opened,

» the depth of the water is # metres
«  the water is leaving the tank at a rate of (0.157/)m® per minute

(a) Show that

dh 12 -3h
dt 320
“4)
Given that the depth of the water in the tank is 0.5 m when the tap is opened,
(b) find the time taken for the depth of water in the tank to reach 3.5m.
(6)
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January 2022

VA

=V

Figure 2

Figure 2 shows a sketch of the curve with parametric equations

t3

NP ST

0<1<

slo

9
The curve touches the x-axis when ¢ =0 and meets the y-axis when ¢ = 1
The region R, shown shaded in Figure 2, is bounded by the curve, the x-axis and the y-axis.

(a) Show that the area of R is given by

KJ% '
—!
L BlL-1602

where K 1s a constant to be found.

“4)
(b) Using the substitution u = 81 — 162, or otherwise, find the exact area of R.

(Solutions relying on calculator technology are not acceptable.)

(6)
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7.
VA
1
f(x)= —(4—x)e*
(0= (- xe
2cm ¢ ‘
1
19) 4 x
<+“—>
4cm
Figure 3 Figure 4

Figure 3 shows the design of a doorknob.

The shape of the doorknob is formed by rotating the curve shown in Figure 4 through 360°
about the x-axis, where the units are centimetres.

The equation of the curve is given by

1
f(x)ZZ(4—x)ex 0<x<4
(a) Show that the volume, Vcm?, of the doorknob is given by
4
V= Kj (x2 —8x + l6)e“ dx
0

where K is a constant to be found.

3)
(b) Hence, find the exact value of the volume of the doorknob.

Give your answer in the form pz(e? + r)cm?® where p, ¢ and r are simplified rational
numbers to be found.

(C))
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January 2022

9. (a) Find the derivative with respect to y of

1
(1+2Iny)’
(2)
(b) Hence find a general solution to the differential equation
dy 3 T 4
3cosec(2x)— =y (1 +2Iny) y>0 ——<x<=
dx 2 2
“)
T
(c) Show that the particular solution of this differential equation for which y = 1 at x = 3
is given by
ASGCX*l
y==¢ z
where 4 is an irrational number to be found.
)
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June 2022

1
. (a) Express —————— in partial fractions.

(b) Hence find the solution of the differential equation

dy 1 1
1+3x)(1—x)=— =t ——<x< =
( x)( x)dx any 3 X 5
. 1 T
for which x = — when y = —
2 2
Give your answer in the form sin” y = f(x) where 7 is an integer to be found.
)
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S. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

(a) Use the substitution x = 2sinu to show that

1 P

3x+2 3 1
3 dx = (—secutanu + —sec? u) du
(4 — x*)? 2 2
0 0

where p is a constant to be found.

(C))

(b) Hence find the exact value of

3x+2
— 3 dx

(4 - x°)?
“@
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June 2022

3. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

20cm
Y A < »

Figure 2 Figure 3

Figure 2 shows the curve with equation

1

y=10xe 2 0<x< 10

The finite region R, shown shaded in Figure 2, is bounded by the curve, the x-axis and
the line with equation x = 10

The region R is rotated through 27 radians about the x-axis to form a solid of revolution.
(a) Show that the volume, V, of this solid is given by

10
V= kj x’e " dx

0

where k is a constant to be found.

(2)
(b) Find [x%¢” dx
3)
Figure 3 represents an exercise weight formed by joining two of these solids together.
The exercise weight has mass 5Skg and is 20 cm long.
Given that
density = mass
ensity volume
and using your answers to part (a) and part (b),
(c) find the density of this exercise weight. Give your answer in grams per cm’ to
3 significant figures.
(6))
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October 2022

!. (a) Express (ox = 13));)6 ) in partial fraction form.
3)
(b) Hence show that
” 3x
J-S G
where £ is a fully simplified fraction to be found.
(Solutions relying entirely on calculator technology are not acceptable.)
“)
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October 2022

S. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

VA

=V

1
V2
Figure 2

Figure 2 shows a sketch of part of the curve with equation

124x

Y= (0% + 3)1,5
The region R, shown shaded in Figure 2, is bounded by the curve, the line with

1
equation x = E , the x-axis and the line with equation x = .
This region is rotated through 360° about the x-axis to form a solid of revolution.

Given that the volume of this solid is @n, use algebraic integration to find the

exact value of the constant %.

(6)
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October 2022

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(1) Use the substitution u =e*—3 to show that

In7
3x
J 4 = a+bn2
I

e —3
nS

where a and b are constants to be found.

()
(i1) Show, by integration, that
j 3e* cos2x dx = pe* sin2x + ge* cos2x + ¢
where p and g are constants to be found and c is an arbitrary constant.
®
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VA

=V

o J5 5

Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 1 shows a sketch of the curve with equation

3x
2,/ x>0
Y 3x* +5

The finite region R, shown shaded in Figure 1, is bounded by the curve, the x-axis and
the lines with equations x = V5 and x=5

The region R is rotated through 360° about the x-axis.

Use integration to find the exact volume of the solid generated. Give your answer in the
form alnb, where a is an irrational number and b is a prime number.

(C))
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January 2023

4. (a) Using the substitution u = v2x + 1, show that

12
J V8x + 4 ev¥+l dx
4

may be expressed in the form

b
I ku*e" du

where a, b and k are constants to be found.

“)
(b) Hence find, by algebraic integration, the exact value of
12
J V8x + 4 eVl dx
4
giving your answer in simplest form.
(€))
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January 2023

7. The volume ¥cm’® of a spherical balloon with radius 7cm is given by the formula
V=—nur
3

.. dr L
(a) Find O giving your answer in simplest form.
r

0y

At time ¢ seconds, the volume of the balloon is increasing according to the
differential equation

4 900

=— t>0
dr (2t +3)

Giventhat =0 when t=0

(b) (1) solve this differential equation to show that

- 300t
2t+3

(i) Hence find the upper limit to the volume of the balloon.

(©)

(c) Find the radius of the balloon at ¢ = 3, giving your answer in cm to
3 significant figures.

(&)

(d) Find the rate of increase of the radius of the balloon at 7 = 3, giving your answer to
2 significant figures. Show your working and state the units of your answer.

(&)
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June 2023

8x -5
3. f(x) = (2x—1)(4x—3) x>1

(a) Express f(x) in partial fractions.

3)
(b) Hence find J-f (x)dx
3)
(c) Use the answer to part (b) to find the value of & for which
3k l
.[ f(x)dx = =In 20
P 2
)

6.63
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June 2023

5. (i) Find

szexdx

“)
(i) Use the substitution u = +/1 —3x to show that
27x >
dx =-2(1-3x)?(A4x+B) + k
V1 —3x
where A4 and B are integers to be found and £ is an arbitrary constant.
)
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June 2023

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The temperature, 0°C, of a car engine, ¢ minutes after the engine is turned off, is
modelled by the differential equation

do 2
— =—-k(6 -15
o ( )
where k is a constant.

Given that the temperature of the car engine
* is 85°C at the instant the engine is turned off
* 15 40°C exactly 10 minutes after the engine is turned off

(a) solve the differential equation to show that, according to the model

at+b
ct+d

where a, b, ¢ and d are integers to be found.
7

(b) Hence find, according to the model, the time taken for the temperature of the car
engine to reach 20°C. Give your answer to the nearest minute.

(0))
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=<V

Figure 2

Figure 2 shows a sketch of part of the curve C with parametric equations

1
xX=1+- =t—- t>0.7
t 4 t

The curve C intersects the x-axis at the point Q.

(a) Find the x coordinate of Q.

ey
The line / is the normal to C at the point P as shown in Figure 2.
Given that =2 at P
(b) write down the coordinates of P

ey
(c) Using calculus, show that an equation of / is

3x+5y=15

(&)
The region, R, shown shaded in Figure 2 is bounded by the curve C, the line / and the
X-axis.
(d) Using algebraic integration, find the exact volume of the solid of revolution formed

when the region R is rotated through 2z radians about the x-axis.
)
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October 2023

3. In this question you must show all stages of your working.
Solutions based on calculator technology are not acceptable.

(1) Use integration by parts to find the exact value of

4
I x2e” dx
0

giving your answer in simplest form.

)
(i1) Use integration by substitution to show that
21
J- ’ 4—x2 dx =a+Inb
, (2 )
where a and b are constants to be found.
@)
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October 2023

7. The number of goats on an island is being monitored.
When monitoring began there were 3000 goats on the island.
In a simple model, the number of goats, x, in thousands, is modelled by the equation

k(9 +5)
4t + 3

where £ is a constant and ¢ is the number of years after monitoring began.

(a) Show that £=1.8

(2)
(b) Hence calculate the long-term population of goats predicted by this model.
ey
In a second model, the number of goats, x, in thousands, is modelled by the
differential equation
dx
3—=x(9-2x
5 = 0~ 2x)
Writ — 3 rtial fraction f
(c) Write x(9 — 2x) in partial fraction form.
3)
(d) Solve the differential equation with the initial condition to show that
\_ 9
2+e
)
(e) Find the long-term population of goats predicted by this second model.
ey
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b
=V

Figure 3

Figure 3 shows a sketch of the curve C with parametric equations

0< 1<

(SR

x = 6¢ —3sin 2¢ y = 2cost

The curve meets the y-axis at 2 and the x-axis at k, where k is a constant

(a) State the value of £.
ey

The region bounded by the curve, the x-axis and the y-axis is rotated through 27 radians

about the x-axis to form a solid of revolution.

(d) (1) Show that the volume of this solid is given by

ja B (1 - cos4r) dt

0

where o and f are constants to be found.

(i) Hence, using algebraic integration, find the exact volume of this solid
)
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January 2024

2. Given that

3x + 4 _ 4 B C
(x-2)2x+1)?> x-2 2x+1 (Qx+1)

(a) find the values of the constants 4, B and C.

“4)
(b) Hence find the exact value of
N 3x+4
; (x=2)(2x +1)°
giving your answer in the form plng + » where p, ¢ and r are rational numbers.
)
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January 2024

5. (a) Find Ix%os2xdx
4)

(b) Hence solve the differential equation

dy _ (tcost ’
dt y
giving your answer in the form y" = f(¢#) where n is an integer.

(©)
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January 2024

7. (a) Using the substitution u = 4x + 2sin2x, or otherwise, show that

T
2 . 1
4x+2sin2 2 2
et eos xdx = (e —1)
0 8

)
VA

1
0

Figure 3

The curve shown in Figure 3, has equation

2x+sin2x

y =6e COS X
The region R, shown shaded in Figure 3, is bounded by the positive x-axis, the positive
y-axis and the curve.
The region R is rotated through 27 radians about the x-axis to form a solid.

(b) Use the answer to part (a) to find the volume of the solid formed, giving the answer
in simplest form.

(&)
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=<V

Figure 3

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

A curve C has parametric equations

T
x =sin’t y=2tant 0<t<5

T
The point P with parameter ¢ = n lies on C.

The line / is the normal to C at P, as shown in Figure 3.

The region S, shown shaded in Figure 3, is bounded by C, [ and the x-axis.

(b) Find, using calculus, the exact area of S.

equation for / is (6)
8y+2x=17

6.83
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June 2024

1. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Find

T

J6xcos3xdx

0

giving your answer in simplest form.

6))

6.85
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5.
VA
1 t=a tfb
W
%) X

Figure 2

Figure 2 shows a sketch of the curve defined by the parametric equations

B 2
13 -1)

x =1+ 2t y a<t<b

where a and b are constants.
The ends of the curve lie on the line with equation y =1

(a) Find the value of @ and the value of b
(2)

The region R, shown shaded in Figure 2, is bounded by the curve and the line with
equation y =1

(b) Show that the area of region R is given by

b
M—kj i+l
at(3_t)

where M and k are constants to be found.

)

(c) (1) Write in partial fractions.

+
13 -1)

(i1) Use algebraic integration to find the exact area of R, giving your answer in
simplest form.

(6)
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June 2024

7. The current, x amps, at time ¢ seconds after a switch is closed in a particular electric
circuit is modelled by the equation

%=k—3x
dr

where £ is a constant.
Initially there is zero current in the circuit.

(a) Solve the differential equation to find an equation, in terms of &, for the current in
the circuit at time ¢ seconds.
Give your answer in the form x = f(z).

)
Given that in the long term the current in the circuit approaches 7 amps,
(b) find the value of £.
2
(c) Hence find the time in seconds it takes for the current to reach 5 amps, giving your
answer to 2 significant figures.
(&)
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9.
Y4\ o
R
o] 1 3 X
3
Figure 3
The curve C, shown in Figure 3, has equation
_1
4

_ b
a \/m (arctan\/;)

The region R, shown shaded in Figure 3, is bounded by C, the line with equation x = 3,

1
the x-axis and the line with equation x = 3

The region R is rotated through 360° about the x-axis to form a solid.
Using the substitution tanu = Jx

(a) show that the volume ¥ of the solid formed is given by

b
1
a U
where &, a and b are constants to be found.
(6)

(b) Hence, using algebraic integration, find the value of V" in simplest form.

(&)
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