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2. The curve C has equation

y=2x*—12x + 16
Find the gradient of the curve at the point P (5, 6).

(Solutions based entirely on graphical or numerical methods are not acceptable.)

C))

(Total for Question 2 is 4 marks)
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6. Prove, from first principles, that the derivative of 3x? is 6x.

C))

(Total for Question 6 is 4 marks)
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15.

Diagram not
drawn to scale C

=V

Figure 3

The curve C,, shown in Figure 3, has equation y = 4x* — 6x + 4.
. 1 .
The point P(—, 2) lies on C|
2
1
The curve C,, also shown in Figure 3, has equation y = Ex + In(2x).
The normal to C, at the point P meets C, at the point Q.

Find the exact coordinates of Q.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

(8)
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(Total for Question 15 is 8 marks)
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16.

2xm
A E A
ym
B D v
C
Figure 4

Figure 4 shows the plan view of the design for a swimming pool.

The shape of this pool ABCDEA consists of a rectangular section ABDE joined to a
semicircular section BCD as shown in Figure 4.

Given that AE = 2x metres, ED = y metres and the area of the pool is 250 m?,

(a) show that the perimeter, P metres, of the pool is given by

p=ox+ 20, X
X

(b) Explain why 0< x <, /@
T

(c) Find the minimum perimeter of the pool, giving your answer to 3 significant figures.

C))

(2)

C))
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(Total for Question 16 is 10 marks)

S

13.6


M
13.6


Sample 2018 AL P1

f

Answer ALL questions. Write your answers in the spaces provided.

1. The curve C has equation

y=3x*-8x*-3

(a) Find (1) &

.. d’
) &
(b) Verify that C has a stationary point when x = 2

(c) Determine the nature of this stationary point, giving a reason for your answer.

€))

2

(2)
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10. Given that 0 is measured in radians, prove, from first principles, that the derivative

of sin@ is cos @

sin A cosh —1

You may assume the formula for sin(4 + B) and that as # —0, & — 1 and

-0

C))

(Total for Question 10 is 5 marks)
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13. The curve C has parametric equations

x =2cost, y= \Ecos2t, 0t

(a) Find an expression for b in terms of 7.
dr )
) ) 2
The point P lies on C where ¢t = 3
The line / is the normal to C at P.
(b) Show that an equation for / is
223y -1=0
(3)
The line / intersects the curve C again at the point Q.
(c) Find the exact coordinates of Q.
You must show clearly how you obtained your answers.
(6)
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o

Figure 5

Figure 5 shows a sketch of the curve with equation y = f(x), where

f(x)Zﬁ, 0<x<nrn

The curve has a maximum turning point at P and a minimum turning point at Q as shown
in Figure 5.

(a) Show that the x coordinates of point P and point Q are solutions of the equation
tan2x = /2
“4)

(b) Using your answer to part (a), find the x-coordinate of the minimum turning point on
the curve with equation

(i) ¥ = f(2x).

(i) y =3 - 2f(x).
4)
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3. Giveny=x(2x+ 1)* show that

Y x4 1) (Ax+ B)

dx:

where n, A and B are constants to be found.

(4)

(Total for Question 3 is 4 marks)
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5. The mass, m grams, of a radioactive substance, t years after first being observed, is
modelled by the equation

m= 2 5 e—0.05t
According to the model,

(a) find the mass of the radioactive substance six months after it was first observed,
2

(b) show that (ii_rtn = km, where K is a constant to be found.

(2)

(Total for Question 5 is 4 marks)
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14. A company decides to manufacture a soft drinks can with a capacity of 500 ml.

The company models the can in the shape of a right circular cylinder with radius r cm
and height 4 cm.

In the model they assume that the can is made from a metal of negligible thickness.

(a) Prove that the total surface area, Scm?, of the can is given by

1000
S=2mri+——

©)
Given that r can vary,
(b) find the dimensions of a can that has minimum surface area.
5
(c) With reference to the shape of the can, suggest a reason why the company may
choose not to manufacture a can with minimum surface area.
(1)
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Question 14 continued

(Total for Question 14 is9 marks)
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8. Alorry is driven between London and Newcastle.

In a simple model, the cost of the journey £C when the lorry is driven at a steady speed

of v kilometres per hour is

1500 2v
=— 4+

C =7
11

+ 60

(a) Find, according to this model,
(1) the value of v that minimises the cost of the journey,

(i1) the minimum cost of the journey.
(Solutions based entirely on graphical or numerical methods are not acceptable.)

2
(b) Prove by using Fva that the cost is minimised at the speed found in (a)(1).
\%

(c) State one limitation of this model.

(6)
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10. Prove, from first principles, that the derivative of X* is 3%

C))

<
by
SBEY
Sstennts
(IR

oot
‘:'0.:.0‘000
SRR

<
QLS
2

CERRRLRRK,

SR IKELIRKKKL

0’000000000000.0

RREERKELRKLLRRK,

%
%
%
%

%
ERH
o0

”
o0
=

%

<
oo

SR
e

QL
%%

150 0-6 000

10505 005

b
a9y,
S

XL

&M
LXK

K

L9700

-
T,
LKL

REERRLK

¢!

OEECEEEAKS
O oLt oo et tetetetetetets
S oIt ate ety se 8% ¢
S RKEL K

5
Sototolotototelotototetel

ORI IR IAI AR AN
%

RRELRS

<
2%,
<5
5
X

<
X
6%
<
<
XA

=
o
N
o


iPad Pro 12.9" 5
June 2018 AS P1

M
13.20


June 2018 AL P1

7

2. A curve C has equation

y =2 — 2X — 24X, x>0

dy

(@) Find (i) o
Lx

(i) ge

(b) Verify that C has a stationary point when x = 4

(c) Determine the nature of this stationary point, giving a reason for your answe.

3)
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5. Given that
_ 3sing T_g< 3
Y 2sinf + 2coso 4 4
show that
dy A T 3r
—_ = —<0<—
a8 1+sin20 4 4
where A is arational constant to be found.
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Figure4
Figure 4 shows a sketch of the curve with equation x? — 2xy + 3y? = 50
(a) Show that ¥ = Y=X
dx 3y - X (4)
The curve is used to model the shape of a cycle track with both x and y measured in km.
The points P and Q represent points that are furthest west and furthest east of the
origin O, as shown in Figure 4.
Using part (a),
(b) find the exact coordinates of the point P.
(5
(c) Explain briefly how to find the coordinates of the point that is furthest north of the
origin O. (You do not need to carry out this calculation).
1)
\

-
-

095
55
i

5
L
%

S

o
5%

5
3

s
S

5
peatete!

6 | e

L% 1 ety
S I E T o
PR sseranteveets

<
.:'
e
e

o

g2e!

s
ooy

N

T
SUCRLES



iPad Pro 12.9" 5
June 2018 AL P1

M
13.23


7 )

Question 9 continued

-
e " I
R
':ﬂ::
i
Z
T
B
:‘:;:‘:
=
S0
B

S
RS

0595

55
5

<
&

13.24


M
13.24


— June 2018 AL P2
4

9. Giventhat 8 is measured in radians, prove, from first principles, that

i(cos@) = —sind
do

You may assume the formulafor cos(A + B) and that ash — 0,

sinh

-1

and

cosh-1

(5)
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5. A curve has equation

= 3x? %
y x+x+2 x>0

(a) Find, in simplest form, ?

X

(b) Hence find the exact range of values of X for which the curve is increasing.
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B 5x? + 10x

3 (x +1)?

# -1

(a) Show that 4 = Lﬂ where A and n are constants to be found.
(ix (X +‘]) (4)

b v 1%

. (i)’ %%&w%;

(b) Hence deduce the range of values for X for which = < 0 i
dx o
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14. The curve C, in the standard Cartesian plane, is defined by the equation

X = 4sin2y _T”<y<%

The curve C passes through the origin O

(a) Find the value of % at the origin.

2

(b) (i) Use the small angle approximation for sin2y to find an equation linking X and y
for points close to the origin.

(i) Explain the relationship between the answers to (a) and (b)(i).
(2)
(c) Show that, for all points (X, y) lying on C,
dy

1
dr avb — x*

where a and b are constants to be found.
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Question 14 continued
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Figure 9

4
[A sphere of radius r has volume 3 7r3 and surface area 47r?]

A manufacturer produces a storage tank.

The tank is modelled in the shape of a hollow circular cylinder closed at one end with a
hemispherical shell at the other end as shown in Figure 9.

The walls of the tank are assumed to have negligible thickness.
The cylinder has radius r metres and height h metres and the hemisphere has radius r metres.
The volume of the tank is 6m’.

(a) Show that, according to the model, the surface area of the tank, in m?, is given by

2,5
r 3
“4)
The manufacturer needs to minimise the surface area of the tank.
(b) Use calculus to find the radius of the tank for which the surface area is a minimum.
“4)

(c) Calculate the minimum surface area of the tank, giving your answer to the nearest integer.
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Question 13 continued
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SIS
4 ) SRS

1. A curve has equation SR8
y=2X—4x+5 5 3
Find the equation of the tangent to the curve at the point P(2, 13). o

OS24
S 0s8
Jolss s 20

Write your answer in the form y = mx + ¢, where m and ¢ are integers to be found.

Solutions relying on calculator technology are not acceptable.
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14. A curve has eguation y = g(X).

Given that
e g(x) isacubic expression in which the coefficient of x® is equal to the coefficient of x
e the curve with equation y = g(x) passes through the origin
e the curve with equation y = g(x) has a stationary point at (2, 9)
(a) find g(x),
(7

(b) prove that the stationary point at (2, 9) is a maximum.
(2
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[ N\
15. The curve C has equation
Xtany=9 O<y<%
(&) Show that
dy _ -18x
dx x*+81
(4)
(b) Provethat C has apoint of inflectionat x = 427
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Figurel
Figure 1 shows a sketch of the curve C with equation

-M—Mx x>0
y= 2\/; n

(a8 Show that

dy  12x2 + x — 16/x

dx 4x/x

(4)

The point P, shown in Figure 1, is the minimum turning point on C.
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(c) Usethe iteration formula G
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|3 with x, =2 e

tofind (i) thevaueof x, to5 decimal places, b

(ii) the x coordinate of P to 5 decimal places. SR
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Question 7 continued
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13. The function g is defined by

3In(x) - 7
g(x) = W x>0

where k is a constant.

(@) Deduce the value of k.

(b) Prove that
g'x)>0

for al values of x in the domain of g.

(c) Find the range of values of a for which

g@ >0

X #k

(1)

(3)
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5.

P(2, 10)

O
<V

Figurel

Figure 1 shows part of the curve with equation y = 3x* — 2
The point P(2, 10) lies on the curve.

(a) Find the gradient of the tangent to the curve at P.

The point Q with x coordinate 2 + h aso lies on the curve.

(b) Find the gradient of the line PQ, giving your answer in terms of h in simplest form.

(c) Explain briefly the relationship between part (b) and the answer to part (a).

(2)
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SLRRK
LR
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16. The curve C has equation y =f(x) where L
f(x)=ax’+ 15x°—39x + b

and a and b are constants. S
Given &

e thepoint (2, 10) lieson C B

e the gradient of the curve at (2, 10) is—3 -

(@ (i) show that the value of ais—2 ::g»;fgig

%!

(if) find the value of b.
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(b) Hence show that C has no stationary points.
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(c) Write f(x) in the form (x —4)Q(X) where Q(X) is a quadratic expression to be found.
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14. Given that

show that

where A is a constant to be found.

X>0

x>0

(4)
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5. The curve C has equation

y = 5xt—24x3 + 42x2 — 32x + 11 xeR

(b) (i) Verify that C has a stationary point at x = 1

(i) Show that this stationary point is a point of inflection, giving reasons for
your answer.

3)

(4)
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7.

In this question you should show all stages of your working.

Solutionsrelying entirely on calculator technology are not acceptable.

YA C

P(5, -13)

Figure2
Figure 2 shows a sketch of part of the curve C with equation
y=x3—10x* + 27x — 23

The point P(5, —-13) lieson C

Thelinel isthe tangent to C at P

2

() Use differentiation to find the equation of |, giving your answer in theformy =mx + ¢

where m and c are integers to be found.

(b) Hence verify that | meets C again on the y-axis.

(4)
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-
8. The curve C has equation
pX® + gxy + 3y* = 26
where p and g are constants.

(a) Show that

dy _apx + bay
dx gx+cy

where a, b and ¢ are integers to be found.

Given that
* thepoint P(-1, —4) lies on C
* thenormal to C at P has equation 19x + 26y + 123 =0

(b) find the value of p and the value of q.

(4)
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13. The curve C has parametric equations
X=sn20 y = cosec®d O<9<%
dy

(8 Find an expression for o in terms of
X

(b) Hence find the exact value of the gradient of the tangent to C at the point wherey = 8
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8.

In this question you must show all stages of your working.

Solutionsrelying entirely on calculator technology are not acceptable.

The air pressure, P kg/cm?, inside a car tyre, t minutes from the instant when the tyre
developed a puncture is given by the equation

P=k+14e%" teR t>0

where K is a constant.
Given that the initial air pressure inside the tyre was 2.2 kg/cm?

(a) state the value of k.

From the instant when the tyre developed the puncture,

(b) find the time taken for the air pressure to fall to 1 kg/cm?
Give your answer in minutes to one decimal place.

(c) Find the rate at which the air pressure in the tyre is decreasing exactly 2 minutes
from the instant when the tyre developed the puncture.
Give your answer in kg/cm? per minute to 3 significant figures.

(1)

3)

(2)
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10.

<V

Figure2

I'n this question you must show all stages of your working.
Solutionsrelying on calculator technology are not acceptable.

Figure 2 shows a sketch of part of the curve C with equation

WV
o

1
y:§x2—2\/§ +3 X

The point P lies on C and has x coordinate 4
The line | is the tangent to C at P.

(@) Show that | has equation

13x—-6y—-26=0
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12. A company makes drinks containers out of metal.

The containers are modelled as closed cylinders with base radius r cm and height hcm and

the capacity of each container is 355cm?
The metal used

« for the circular base and the curved side costs 0.04 pence/cm?
« for the circular top costs 0.09 pence/cm?

Both metals used are of negligible thickness.

(a) Show that the total cost, C pence, of the metal for one container is given by

284
C= 0.1371'}”2 + T

(b) Use calculus to find the value of r for which C is a minimum, giving your answer to
3 significant figures.

2
(c) Using ?:ITCZ: prove that the cost is minimised for the value of r found in part (b).

(d) Hence find the minimum value of C, giving your answer to the nearest integer.

(4)

(4)

(2)

(2)
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Corele

A company makes toys for children.
Figure 5 shows the design for a solid toy that looks like a piece of cheese.

The toy is modelled so that
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5

» face ABC is a sector of a circle with radius r cm and centre A

* angle BAC = 0.8radians

» faces ABC and DEF are congruent

* edges AD, CF and BE are perpendicular to faces ABC and DEF
» edges AD, CF and BE have length hcm

Given that the volume of the toy is 240 cm?®

(a) show that the surface area of the toy, Scm?, is given by

1680
S=0.8r*+ T

making your method clear.
(4)
Using algebraic differentiation,

(b) find the value of r for which Shas a stationary point.

(4)

(c) Prove, by further differentiation, that this value of r gives the minimum surface area
of the toy.

(2)
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4. Given that
y=2X

use differentiation from first principles to show that

dy
-2 =1
dx X
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12. The function f is defined by

3X
f(x) = 3_
4x° + k
where k is a positive constant.

(a8 Show that
£'(x) = (12x° — 8x + 3K) g(X)

where g(x) isafunction to be found.

Given that the curve with equation y = f(x) has at least one stationary point,
(b) find the range of possible values of k.
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-
1. A curve has equation
y=§ ’ —%x2—4x+5
(@ Find dy writing your answer in simplest form.
dx 2
@)
(b) Hence find the range of values of x for whichy is decreasing.
(4)
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12.

y =sinx
where x is measured in radians.

Use differentiation from first principles to show that

dy

Ty - COS%
You may
» use without proof the formulafor sin(A £ B)

sinh cosh-1 0

e assumethat as h — 0, T—)land -

(5)
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15. A curve has eguation y = f(x), where

7xe*
3

Ve -2

f(x) = x> In32

(a8 Show that

P = 7€ (€ (2—x)+3Ax+ B)

2(€ - 2)2
where A and B are constants to be found.
(5)

(b) Hence show that the x coordinates of the turning points of the curve are solutions of
the equation

26> — 4
e +4

(2)
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1.
f)=x+2¢-8x+5
(a) Find f"(x)
2
(b) (i) Solve f"(x)=0
(if) Hence find the range of values of x for which f (x) is concave.
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7.

In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

A curve has eguation

XX+ 2xy + 3y’ = 47

(@) Find ;ﬂ interms of x and y
X
(4)
The point P(-2, 5) lies on the curve.

(b) Find the equation of the normal to the curve at P, giving your answer in the form
ax + by + ¢ =0, where a, b and ¢ are integers to be found.
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I'n this question you must show all stages of your working.
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Solutionsrelying entirely on calculator technology are not acceptable. :Ig:-
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Figure 3 shows a sketch of the curve C with equation é::::,g.;
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Thelinel isthe tangent to C at the point A, also shown in Figure 3.

%
oo

ot

%

X
<

<

<
<
53
e

5
5
XL

Given that | has equation y = -2x + 7

el
ol
S
Bytetetst

5 dﬁs:éc
0
tols!

.%0.%%?0.‘
e

&
o
ot
5%

betaleelitatelets!
Bititetitst

(a) show, using calculus, that the x coordinate of A is 2

25

©) o
Thelinel cuts C again at the point B. 0,5

(b) Verify that the x coordinate of B is—4 SO
2) b

The finite region, R, shown shaded in Figure 3, is bounded by C and I. S
Using algebraic integration, Pt

(c) show that the area of Ris 108 2‘;7’.:::
(5) S
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12.

“«y—>»

x

Figure5

Figure 5 shows the plan view of the design for a swimming pool.

The pool is modelled as a quarter of a circle joined to two equal sized rectangles
as shown.

Given that

* the quarter circle has radius X metres

» therectangles each have length x metres and width y metres
« thetotal surface area of the swimming pool is 100m?

(a) show that, according to the model, the perimeter P metres of the swimming pool is
given by

P:2x+@
X

(b) Use calculus to find the value of x for which P has a stationary value.
(¢) Prove, by further calculus, that this value of X gives a minimum value for P

Access to the pool is by side AB shown in Figure 5.
Given that AB must be at least one metre,

(d) determine, according to the model, whether the swimming pool with the minimum
perimeter would be suitable.
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4. Given that y = X’, use differentiation from first principles to show that d_zl( =2X
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5. The function fis defined by

(a) Show that

ax + bx+ ¢

T ey

where a, b and ¢ are constants to be found.

3)

(b) Hence, using algebra, find the values of X for which f is decreasing.
You must show each step in your working.
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Question 5 continued
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I'n this question you must show all stages of your working. .o,.'»,;

Solutionsrelying entirely on calculator technology are not acceptable. i
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Figure 3 shows a sketch of part of the curve with equation St
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(a) Verify that the X coordinate of A is 4 '
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The line | is the tangent to the curve at A.

(b) Use calculus to show that an equation of line || is Og’ozit?
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6.

Y 4

Y= y= g0

XV

Figurel

Figure 1 shows a sketch of the curves with equations y = f(X) and y = g(X) where

(a) Find
1) ')
(i) g'(®)

Given that f'(X) = g'(X) at X=a

(b) show that « satisfies the equation

f=e*"" x>0

g(X) =8Inx x>0

2)

4% + 2Inx-1=0
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15. The curve C has equation

(x+y)P°=3x*-3y-2

d
(a) Find an expression for d_il( in terms of X and Y.

The point P(1, 0) lies on C.
(b) Show that the normal to C at P has equation

y=-2X+2

(c) Prove that the normal to C at P does not meet C again.

You should use algebra for your proof and make your reasoning clear.
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