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Exponentials and Logarithms 
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 $ WRZQ¶V SRSXODWLRQ, !, LV PRGHOOHG E\ WKH HTXDWLRQ !$%$%௘&௘", ZKHUH %$&'($&$&)*$+"',-&'-,$
&'($" LV WKH QXPEHU RI \HDUV VLQFH WKH SRSXODWLRQ ZDV ILUVW UHFRUGHG.

$ ./*$!0'*$$ VKRZQ LQ )LJXUH 2 LOOXVWUDWHV WKH OLQHDU UHODWLRQVKLS EHWZHHQ "$&'($!"#��$!$1")$
WKH SRSXODWLRQ RYHU D SHULRG RI ��� \HDUV.

$ ./*$!0'*$$ PHHWV WKH YHUWLFDO D[LV DW (�, �) DV VKRZQ.  7KH JUDGLHQW RI $$0,$
1

200
.

 (D) :ULWH GRZQ DQ HTXDWLRQ IRU $.
,+-

$ 234$50'($-/*$6&!7*$"1$%$&'($-/*$6&!7*$"1$&.
,"-

$ 2+4$80-/$)*1*)*'+*$-"$-/*$9"(*!$0'-*):)*-$

$ $ 204$ -/*$6&!7*$"1$-/*$+"',-&'-$%;

$ $ 2004$ -/*$6&!7*$"1$-/*$+"',-&'-$&.
,+-

$ 2(4$50'($

  (L) WKH SRSXODWLRQ SUHGLFWHG E\ WKH PRGHO ZKHQ "   ���, JLYLQJ \RXU DQVZHU WR WKH 
'*&)*,-$/7'()*($-/"7,&'(;

  (LL) WKH QXPEHU RI \HDUV LW WDNHV WKH SRSXODWLRQ WR UHDFK 2�� ���, DFFRUGLQJ WR WKH PRGHO.
,.-

 (H) 6WDWH WZR UHDVRQV ZK\ WKLV PD\ QRW EH D UHDOLVWLF SRSXODWLRQ PRGHO.
,+-
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 $ WRZQ¶V SRSXODWLRQ, !, LV PRGHOOHG E\ WKH HTXDWLRQ !$%$%௘&௘", ZKHUH %$&'($&$&)*$+"',-&'-,$
&'($" LV WKH QXPEHU RI \HDUV VLQFH WKH SRSXODWLRQ ZDV ILUVW UHFRUGHG.

$ ./*$!0'*$$ VKRZQ LQ )LJXUH 2 LOOXVWUDWHV WKH OLQHDU UHODWLRQVKLS EHWZHHQ "$&'($!"#��$!$1")$
WKH SRSXODWLRQ RYHU D SHULRG RI ��� \HDUV.

$ ./*$!0'*$$ PHHWV WKH YHUWLFDO D[LV DW (�, �) DV VKRZQ.  7KH JUDGLHQW RI $$0,$
1

200
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 (D) :ULWH GRZQ DQ HTXDWLRQ IRU $.
,+-

$ 234$50'($-/*$6&!7*$"1$%$&'($-/*$6&!7*$"1$&.
,"-

$ 2+4$80-/$)*1*)*'+*$-"$-/*$9"(*!$0'-*):)*-$

$ $ 204$ -/*$6&!7*$"1$-/*$+"',-&'-$%;

$ $ 2004$ -/*$6&!7*$"1$-/*$+"',-&'-$&.
,+-

$ 2(4$50'($

  (L) WKH SRSXODWLRQ SUHGLFWHG E\ WKH PRGHO ZKHQ "   ���, JLYLQJ \RXU DQVZHU WR WKH 
'*&)*,-$/7'()*($-/"7,&'(;

  (LL) WKH QXPEHU RI \HDUV LW WDNHV WKH SRSXODWLRQ WR UHDFK 2�� ���, DFFRUGLQJ WR WKH PRGHO.
,.-

 (H) 6WDWH WZR UHDVRQV ZK\ WKLV PD\ QRW EH D UHDOLVWLF SRSXODWLRQ PRGHO.
,+-
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5. A student’s attempt to solve the equation 2 log2 x 2 x  = 3 is shown below.

 2 log2 x 2 x  = 3 

 2 log2 
x

x

⎛
⎝⎜

⎞
⎠⎟  = 3 using the subtraction law for logs

 2 log2 x( )  = 3 simplifying

 log2 x = 3 using the power law for logs

 x = 32 = 9 using the definition of a log

 (a) Identify two errors made by this student, giving a brief explanation of each.
(2)

 (b) Write out the correct solution.
(3)
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13.

log10V

t

l

O

Figure 3

 The value of a rare painting, £V, is modelled by the equation V = pqt, where p and q are 
constants and t is the number of years since the value of the painting was first recorded 

 The line l shown in Figure 3 illustrates the linear relationship between t and log10V since 

 The equation of line l is log10V t

 (a) Find, to 4 significant figures, the value of p and the value of q.
(4)

 (b) With reference to the model interpret 

  (i) the value of the constant p,

  (ii) the value of the constant q.
(2)

 (c) Find the value of the painting, as predicted by the model, on 1st January 2010, giving 
your answer to the nearest hundred thousand pounds.

(2)
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Question 13 continued
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12.	The value, £V, of a vintage car t years after it was first valued on 1st January 2001, is 
modelled by the equation

V = Ap t        where A and p are constants

	 Given that the value of the car was £32 000 on 1st January 2005 and £50 000 on 1st January 2012

	 (a)	 (i)	 find p to 4 decimal places,

		  (ii)	 show that A is approximately 24 800
(4)

	 (b)	With reference to the model, interpret

		  (i)	 the value of the constant A, 

		  (ii)	 the value of the constant p. 
(2)

	 Using the model,

	 (c)	 find the year during which the value of the car first exceeds £100 000
(4)
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Question 12 continued
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14.	A scientist is studying a population of mice on an island.

	 The number of mice, N, in the population, t months after the start of the study, is 
modelled by the equation 

N = 
900

3 7 0 25+ −e . t
,    t ∈ ,    t  0

	 (a)	 Find the number of mice in the population at the start of the study.
(1)

	 (b)	Show that the rate of growth 
d

d

N

t
 is given by 

d

d

N

t
 = 

N N( )300

1200

−

(4)

	 The rate of growth is a maximum after T months.

	 (c)	 Find, according to the model, the value of T. 
(4)

	 According to the model, the maximum number of mice on the island is P.

	 (d)	State the value of P.
(1)
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Question 14 continued
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14. The value of a car, £V, can be modelled by the equation

V = 15 700e– 0.25t + 2300         t ,  t  0

 where the age of the car is t years.

 Using the model,

 (a) find the initial value of the car.
(1)

 Given the model predicts that the value of the car is decreasing at a rate of £500 per year 
at the instant when t = T,

 (b) (i) show that

3925e– 0.25T = 500

  (ii) Hence find the age of the car at this instant, giving your answer in years and 
months to the nearest month.

   (Solutions based entirely on graphical or numerical methods are not acceptable.)
(6)

 The model predicts that the value of the car approaches, but does not fall below, £A.

 (c) State the value of A.
(1)

 (d) State a limitation of this model.
(1)
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Question 14 continued
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7. In a simple model, the value, £V, of a car depends on its age, t, in years.

 The following information is available for car A

   its value when new is £20 000
   its value after one year is £16 000

 (a) Use an exponential model to form, for car A, a possible equation linking V with t.
(4)

 The value of car A is monitored over a 10-year period.
 Its value after 10 years is £2 000 

 (b) Evaluate the reliability of your model in light of this information. 
(2)

 The following information is available for car B 

   it has the same value, when new, as car A
   its value depreciates more slowly than that of car A

 (c) Explain how you would adapt the equation found in (a) so that it could be used to 
model the value of car B.

(1)
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Question 7 continued
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9. Given that a  b  0 and that a and b satisfy the equation 

log a – log b = log(a – b)

 (a) show that

a b
b

=
−

2

1
(3)

 (b) Write down the full restriction on the value of b, explaining the reason for this restriction.
(2)
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12.                                                  f (x) = 10e x sin x,   x  0

 (a) Show that the x coordinates of the turning points of the curve with equation y = f (x) 
satisfy the equation tan x = 4

(4)

y

O x

Figure 3

 Figure 3 shows a sketch of part of the curve with equation y = f (x).

 (b) Sketch the graph of H against t where

H(t t sin t t  0

  showing the long-term behaviour of this curve.
(2)

 The function H(t) is used to model the height, in metres, of a ball above the ground 
t seconds after it has been kicked.

 Using this model, find

 (c) the maximum height of the ball above the ground between the first and second bounce.
(3)

 (d) Explain why this model should not be used to predict the time of each bounce.
(1)
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Question 12 continued
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Answer ALL questions.  Write your answers in the spaces provided. 

1. Given

2 4 1
2 2

x y
× =

 express y as a function of x.
(3)
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9. A research engineer is testing the effectiveness of the braking system of a car when it is 
driven in wet conditions.

 The engineer measures and records the braking distance, d metres, when the brakes are 
applied from a speed of  V  .

 Graphs of d against V and  log10 d  against  log10 V  were plotted. 

 The results are shown below together with a data point from each graph.

 

d

(30, 20)

O V  

O

log10 d

log10 V

 Figure 5 Figure 6

 (a) Explain how Figure 6 would lead the engineer to believe that the braking distance 
should be modelled by the formula 

d = kV n    where k and n are constants 

  with  k  0.017
(3)

 Using the information given in Figure 5, with  k = 0.017

 (b) find a complete equation for the model giving the value of n to 3 significant figures.
(3)

 Sean is driving this car at 60 km h  in wet conditions when he notices a large puddle in 
the road 100 m ahead.  It takes him 0.8 seconds to react before applying the brakes.

 (c) Use your formula to find out if Sean will be able to stop before reaching the puddle.
(3)
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Question 9 continued
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8.	 The temperature, θ °C, of a cup of tea t minutes after it was placed on a table in a room, 
is modelled by the equation

θ = 18 + 65e
− t

8         t  0

	 Find, according to the model,

	 (a)	 the temperature of the cup of tea when it was placed on the table,
(1)

	 (b)	 the value of t, to one decimal place, when the temperature of the cup of tea was 35 °C.
(3)

	 (c)	 Explain why, according to this model, the temperature of the cup of tea could not fall 
to 15 °C.

(1)

(8, 50)

(0, 94)

μ

O

l

t

Figure 2

	 The temperature, μ °C, of a second cup of tea t minutes after it was placed on a table in a 
different room, is modelled by the equation

μ = A + Be
− t

8         t  0

	 where A and B are constants.

	 Figure 2 shows a sketch of μ against t with two data points that lie on the curve.

	 The line l, also shown on Figure 2, is the asymptote to the curve.

	 Using the equation of this model and the information given in Figure 2

	 (d)	 find an equation for the asymptote l.
(4)
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Question 8 continued
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12.	An advertising agency is monitoring the number of views of an online advert.

	 The equation

log
10

 V = 0.072t + 2.379         1  t  30, t ∈ 

	 is used to model the total number of views of the advert, V, in the first t days after the 
advert went live.

	 (a)	 Show that V = abt where a and b are constants to be found.

		  Give the value of a to the nearest whole number and give the value of b to 
3 significant figures.

(4)

	 (b)	 Interpret, with reference to the model, the value of ab.
(1)

	 Using this model, calculate

	 (c)	 the total number of views of the advert in the first 20 days after the advert went live.  
Give your answer to 2 significant figures.

(2)
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Question 12 continued
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2.	 By taking logarithms of both sides, solve the equation 

43 p −1 = 5210

	 giving the value of p to one decimal place.
(3)
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8.	 A new smartphone was released by a company. 

	 The company monitored the total number of phones sold, n, at time t days after the 
phone was released.

	 The company observed that, during this time,  

the rate of increase of n was proportional to n

	 Use this information to write down a suitable equation for n in terms of t.

(You do not need to evaluate any unknown constants in your equation.)
(2)
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3.	 (a)	 Given that 

2 log (4 − x) = log (x + 8)

		  show that

x2 − 9x + 8 = 0

(3)

	 (b)	 (i)	 Write down the roots of the equation

x2 − 9x + 8 = 0

		  (ii)	 State which of the roots in (b)(i) is not a solution of  

2 log (4 − x) = log (x + 8)

			   giving a reason for your answer.
(2)
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9.	 A quantity of ethanol was heated until it reached boiling point. 

	 The temperature of the ethanol, θ °C, at time t seconds after heating began, is modelled 
by the equation

θ = A − Be− 0.07t

	 where A and B are positive constants.

	 Given that

		  ●	 the initial temperature of the ethanol was  18 °C

		  ●	 after 10 seconds the temperature of the ethanol was  44 °C

	 (a)	 find a complete equation for the model, giving the values of A and B  
to 3 significant figures.

(4)

	 Ethanol has a boiling point of approximately  78 °C

	 (b)	Use this information to evaluate the model.
(2)
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2.		  In this question you should show all stages of your working.

Solutions relying on calculator technology are not acceptable.

	 Given

9

3
81

1

2

x

y

−

+ =

	 express y in terms of x, writing your answer in simplest form.
(3)
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11.	The owners of a nature reserve decided to increase the area of the reserve covered by trees.

	 Tree planting started on 1st January 2005.

	 The area of the nature reserve covered by trees, A km2, is modelled by the equation

A = 80 – 45ect

	 where c is a constant and t is the number of years after 1st January 2005.

	 Using the model,

	 (a)	 find the area of the nature reserve that was covered by trees just before tree planting 
started.

(1)

	 On 1st January 2019 an area of 60 km2 of the nature reserve was covered by trees.

	 (b)	Use this information to find a complete equation for the model, giving your value 
of c to 3 significant figures.

(4)

	 On 1st January 2020, the owners of the nature reserve announced a long-term plan to 
have 100 km2 of the nature reserve covered by trees.

	 (c)	 State a reason why the model is not appropriate for this plan.
(1)
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Question 11 continued
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13.

2.25

log
10

 h

O log
10

 m

Figure 2

	 The resting heart rate, h, of a mammal, measured in beats per minute, is modelled by the 
equation

h = pmq

	 where p and q are constants and m is the mass of the mammal measured in kg.

	 Figure 2 illustrates the linear relationship between log
10

 h and log
10

 m

	 The line meets the vertical log
10

 h axis at 2.25 and has a gradient of –0.235

	 (a)	 Find, to 3 significant figures, the value of p and the value of q.
(3)

	 A particular mammal has a mass of 5 kg and a resting heart rate of 119 beats per minute.

	 (b)	Comment on the suitability of the model for this mammal.
(3)

	 (c)	 With reference to the model, interpret the value of the constant p.
(1)
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Question 13 continued
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8.	 A scientist is studying the growth of two different populations of bacteria.

	 The number of bacteria, N, in the first population is modelled by the equation

N = Aekt      t  0

	 where A and k are positive constants and t is the time in hours from the start of the study.

	 Given that

•	 there were 1000 bacteria in this population at the start of the study
•	 it took exactly 5 hours from the start of the study for this population to double

	 (a)	 find a complete equation for the model.
(4)

	 (b)	Hence find the rate of increase in the number of bacteria in this population exactly 
8 hours from the start of the study. Give your answer to 2 significant figures.

(2)

	 The number of bacteria, M, in the second population is modelled by the equation

M = 500e1.4kt      t  0

	 where k has the value found in part (a) and t is the time in hours from the start of the study.

	 Given that T hours after the start of the study, the number of bacteria in the two different 
populations was the same,

	 (c)	 find the value of T.
(3)
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Question 8 continued
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3.	 Using the laws of logarithms, solve the equation

log
3
 (12y + 5) – log

3
 (1 – 3y) = 2

(3)
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10.	The time, T seconds, that a pendulum takes to complete one swing is modelled by the formula

T = al b

	 where l metres is the length of the pendulum and a and b are constants.

	 (a)	 Show that this relationship can be written in the form

log
10

 T = b log
10

 l + log
10

 a

(2)

       (– 0.7, 0)

(0.21, 0.45)

O

log
10

 T

log
10

 l

Figure 3

	 A student carried out an experiment to find the values of the constants a and b.

	 The student recorded the value of T for different values of l.

	 Figure 3 shows the linear relationship between log
10

 l and log
10

 T for the student’s data.

	 The straight line passes through the points (– 0.7, 0) and (0.21, 0.45)

	 Using this information,

	 (b)	 find a complete equation for the model in the form

T = al b

		  giving the value of a and the value of b, each to 3 significant figures.
(3)

	 (c)	 With reference to the model, interpret the value of the constant a.
(1)
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Question 10 continued
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5.	 The mass, A kg, of algae in a small pond, is modelled by the equation

A = pqt

	 where p and q are constants and t is the number of weeks after the mass of algae was 
first recorded.

	 Data recorded indicates that there is a linear relationship between t and log10 A given by 
the equation

log10 A = 0.03t + 0.5

	 (a)	 Use this relationship to find a complete equation for the model in the form

A = pqt

		  giving the value of p and the value of q each to 4 significant figures.
(4)

	 (b)	With reference to the model, interpret

		  (i)	 the value of the constant p,

		  (ii)	the value of the constant q.
(2)

	 (c)	 Find, according to the model,

		  (i)	 the mass of algae in the pond when t = 8, giving your answer to the nearest 0.5 kg,

		  (ii)	the number of weeks it takes for the mass of algae in the pond to reach 4 kg.
(3)

	 (d)	State one reason why this may not be a realistic model in the long term.
(1)
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Question 5 continued
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9.	 (a)	 Given that p = log3 x, where x > 0, find in simplest form in terms of p,

		  (i)	 log3
x

9






		  (ii)	log3 x( )
(2)

	 (b)	Hence, or otherwise, solve

2 log3

x

9




  + 3 log3 x( )  = –11

		  giving your answer as a simplified fraction.

Solutions relying on calculator technology are not acceptable.
(4)
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10.	A scientist is studying the number of bees and the number of wasps on an island. 

	 The number of bees, measured in thousands, N
b
 , is modelled by the equation  

N
b
 = 45 + 220 e0.05t

	 where t is the number of years from the start of the study.

	 According to the model,

	 (a)	 find the number of bees at the start of the study, 
(1)

	 (b)	 show that, exactly 10 years after the start of the study, the number of bees was 
increasing at a rate of approximately 18 thousand per year. 

(3)

	 The number of wasps, measured in thousands, N
w
 , is modelled by the equation

N
w
 = 10 + 800 e−0.05t

	 where t is the number of years from the start of the study.

	 When t = T , according to the models, there are an equal number of bees and wasps.

	 (c)	 Find the value of T to 2 decimal places.  
(4)
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Question 10 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

M
12.46



	

	

2.	 (a)	 Sketch the curve with equation 

y = 4
x

		  stating any points of intersection with the coordinate axes.	
(2)

	 (b)	Solve 

4
x
 = 100

		  giving your answer to 2 decimal places.
(2)
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9.	 Using the laws of logarithms, solve the equation

2 3 2 25 5log logx x�� � � �
(5)
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11.	The height, h metres, of a plant, t years after it was first measured, is modelled by  
the equation

	 Using the model,

	 (a)	 find the height of the plant when it was first measured,
(2)

	 (b)	 show that, exactly 4 years after it was first measured, the plant was growing at 
approximately 15.3 cm per year.

(3)

	 According to the model, there is a limit to the height to which this plant can grow.

	 (c)	 Deduce the value of this limit.
(1)
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6.		  a = log
2 
x b = log

2
(x + 8)

	 Express in terms of a and/or b

	 (a)	 log
2

x
(1)

	 (b)	 log
2
(x2 + 8x)

(2)

	 (c)	 log
2

8
64

��
�
�

�
�
�x

		  Give your answer in simplest form.
(3)
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11.		

O

log
10 

V

(0, 3) (10, 2.79)

t

Figure 2

	 The value, V pounds, of a mobile phone, t months after it was bought, is modelled by

V = abt

	 where a and b are constants.

	 Figure 2 shows the linear relationship between log
10 

V and t.

	 The line passes through the points (0, 3) and (10, 2.79) as shown.

	 Using these points,

	 (a)	 find the initial value of the phone,
(2)

	 (b)	 find a complete equation for V in terms of t, giving the exact value of a and giving 
the value of b to 3 significant figures.

(3)

	 Exactly 2 years after it was bought, the value of the phone was £320

	 (c)	 Use this information to evaluate the reliability of the model.
(2)
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Question 11 continued
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3.	 Given that

log
2
(x + 3) + log

2
(x + 10) = 2 + 2 log

2
 x

	 (a)	 show that

3x2 – 13x – 30 = 0
(3)

	 (b)	 (i)	 Write down the roots of the equation 

3x2 – 13x – 30 = 0

		  (ii)	 Hence state which of the roots in part (b)(i) is not a solution of 

log
2
(x + 3) + log

2
(x + 10) = 2 + 2 log

2
 x

			   giving a reason for your answer.
(2)
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4.	 Coffee is poured into a cup.

	 The temperature of the coffee, H  °C, t minutes after being poured into the cup is 
modelled by the equation

H = Ae– Bt + 30

	 where A and B are constants.

	 Initially, the temperature of the coffee was 85 °C.

	 (a)	 State the value of A.
(1)

	 Initially, the coffee was cooling at a rate of 7.5 °C per minute.

	 (b)	 Find a complete equation linking H and t, giving the value of B to 3 decimal places.
(3)
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9.	 p = log
a
 16

q = log
a
 25

	 where a is a constant.

	 Find in terms of p and/or q,

	 (a)	 log
a
 256

(1)

	 (b)	 log
a
 100

(2)

	 (c)	 log
a
 80 × log

a
 3.2

(2)
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7.

                       O x

log
10

 P

(0, 3.3)

(6, 2.1)

Figure 2

	 A chimney emits smoke particles.

	 On a particular day, the concentration of smoke particles in the air emitted by this 
chimney, P parts per million, is measured at various distances, x km, from the chimney.

	 Figure 2 shows a sketch of the linear relationship between log
10

 P and x that is used to 
model this situation.

	 The line passes through the point (0, 3.3) and the point (6, 2.1)

	 (a)	 Find a complete equation for the model in the form

P = ab x

		  where a and b are constants. Give the value of a and the value of b each to 
4 significant figures.

(4)

	 (b)	With reference to the model, interpret the value of ab
(1)
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Question 7 continued
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11.	The prices of two precious metals are being monitored.

	 The price per gram of metal A, £ V
A
 , is modelled by the equation

V
A
 = 100 + 20e0.04t

	 where t is the number of months after monitoring began.

	 The price per gram of metal B, £ V
B
 , is modelled by the equation

V
B
 = pe–0.02t

	 where p is a positive constant and t is the number of months after monitoring began.

	 Given that V
B
 = 2V

A
 when t = 0

	 (a)	 find the value of p
(2)

	 When t = T, the rate of increase in the price per gram of metal A was equal to the rate 
of decrease in the price per gram of metal B

	 (b)	Find the value of T, giving your answer to one decimal place.

(Solutions based entirely on calculator technology are not acceptable.)
(4)
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Question 11 continued
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13.	The world human population, P billions, is modelled by the equation

P = abt

	 where a and b are constants and t is the number of years after 2004

	 Using the estimated population figures for the years from 2004 to 2007, a graph is 
plotted of log10P against t.

	 The points lie approximately on a straight line with

•	 gradient 0.0054

•	 intercept 0.81 on the log10P axis

	 (a)	 Estimate, to 3 decimal places, the value of a and the value of b.
(4)

	 In the context of the model,

	 (b)	 (i)	 interpret the value of the constant a,

		  (ii)	 interpret the value of the constant b.
(2)

	 (c)	 Use the model to estimate the world human population in 2030
(2)

	 (d)	 Comment on the reliability of the answer to part (c).
(1)
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Question 13 continued
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